We investigate the possibility to control quantum evolution speed of a single dephasing qubit for arbitrary initial states by the use of periodic dynamical decoupling (PDD) pulses. It is indicated that the quantum speed limit time (QSLT) is determined by initial and final quantum coherence of the qubit, as well as the non-Markovianity of the system under consideration during the evolution when the qubit is subjected to a zero-temperature Ohmic-like dephasing reservoir. It is shown that final quantum coherence of the qubit and the non-Markovianity of the system can be modulated by PDD pulses. Our results show that for arbitrary initial states of the dephasing qubit with non-vanishing quantum coherence, PDD pulses can be used to induce potential acceleration of the quantum evolution in the short-time regime, while PDD pulses can lead to potential speedup and slow down in the long-time regime. We demonstrate that the effect of PDD on the QSLT for the Ohmic or sub-Ohmic spectrum (Markovian reservoir) is much different from that for the super-Ohmic spectrum (non-Markovian reservoir). Quantum mechanics puts a speed limit to the evolution of quantum systems. The minimal evolution time between two distinguishable states of a quantum system is referred to as quantum speed limit time (QSLT), which determines the maximum speed of dynamical evolution theoretically. Until now, based on Bures angle or relative purity as the distance measure of two distinguishable states, different bounds on the QSLT for both isolated system dynamics [1] [2] [3] [4] [5] [6] [7] and open system dynamics [8] [9] [10] [11] [12] [13] [14] [15] [16] have been obtained. Generally, there exist two types of the QSLT, i.e., Mandelstam-Tamm bound and Margolus-Levitin bound. A recent review of the literatures on the QSLT is found in ref. 17. The QSLT is originally used to discuss the role of entanglement in the evolution speed, but recent developments extend its applications to tremendous fields, ranging from quantum computation 18, 19 , quantum communication 20, 21 , quantum metrology 8,22-26 to quantum optimal control 27-32 . In the last two years, further developments include a subtle connection between the QSLT and decoherence [33] [34] [35] [36] , the initial-state role in the QSLT for open dynamics 37 , applications of the QSLT in quantum phase transition 38 . One should note that, given an actual driving time τ for an open system, the QSLT denoted by τ QSL also indicates the potential capacity for further evolution acceleration. In the situation τ QSL = τ, it means that the evolution is already along the fastest path and possesses no potential capacity for further acceleration. However in the situation τ QSL < τ, the shorter τ QSL , the greater the capacity for potential speedup will be 13, 14 . Thus, how to induce a shorter QSLT with respect to a fixed driving time gradually becomes a valuable and significative issue. In recent years, several studies have been made to solve this issue. In ref. 12 the authors found the non-Markovian environment can speed up quantum evolution. Subsequently, this theoretically proposed environment-assisted speed-up was realized experimentally in cavity quantum electrodynamics 39 . Meanwhile, it has been suggested that an external classical driving field 40 and dynamical decoupling pulses 41, 42 can be used to accelerate the evolution speed of qubit open systems for specific initial states of the qubits. However, how to control the quantum evolution speed of qubits in an open system for arbitrary initial states is still an open problem.
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Quantum mechanics puts a speed limit to the evolution of quantum systems. The minimal evolution time between two distinguishable states of a quantum system is referred to as quantum speed limit time (QSLT), which determines the maximum speed of dynamical evolution theoretically. Until now, based on Bures angle or relative purity as the distance measure of two distinguishable states, different bounds on the QSLT for both isolated system dynamics [1] [2] [3] [4] [5] [6] [7] and open system dynamics [8] [9] [10] [11] [12] [13] [14] [15] [16] have been obtained. Generally, there exist two types of the QSLT, i.e., Mandelstam-Tamm bound and Margolus-Levitin bound. A recent review of the literatures on the QSLT is found in ref. 17 . The QSLT is originally used to discuss the role of entanglement in the evolution speed, but recent developments extend its applications to tremendous fields, ranging from quantum computation 18, 19 , quantum communication 20, 21 , quantum metrology 8, [22] [23] [24] [25] [26] to quantum optimal control [27] [28] [29] [30] [31] [32] . In the last two years, further developments include a subtle connection between the QSLT and decoherence [33] [34] [35] [36] , the initial-state role in the QSLT for open dynamics 37 , applications of the QSLT in quantum phase transition 38 . One should note that, given an actual driving time τ for an open system, the QSLT denoted by τ QSL also indicates the potential capacity for further evolution acceleration. In the situation τ QSL = τ, it means that the evolution is already along the fastest path and possesses no potential capacity for further acceleration. However in the situation τ QSL < τ, the shorter τ QSL , the greater the capacity for potential speedup will be 13, 14 . Thus, how to induce a shorter QSLT with respect to a fixed driving time gradually becomes a valuable and significative issue. In recent years, several studies have been made to solve this issue. In ref. 12 the authors found the non-Markovian environment can speed up quantum evolution. Subsequently, this theoretically proposed environment-assisted speed-up was realized experimentally in cavity quantum electrodynamics 39 . Meanwhile, it has been suggested that an external classical driving field 40 and dynamical decoupling pulses 41, 42 can be used to accelerate the evolution speed of qubit open systems for specific initial states of the qubits. However, how to control the quantum evolution speed of qubits in an open system for arbitrary initial states is still an open problem.
In this paper, we present a proposal to manipulate the quantum evolution speed of qubits in an open system for arbitrary initial states by employing periodic dynamical decoupling (PDD) pulses 43 . Unlike previous results for qubits in amplitude damping channel 41 or in X-Y spin-chain environment 42 , in this paper we investigate the influence of PDD pulse sequences on the QSLT of the qubit in a pure dephasing reservoir in both short-and long-time regimes for arbitrary initial states. Here we assume that the qubit is subjected to a zero-temperature dephasing reservoir with Ohmic-type spectra [44] [45] [46] . Our findings show that the QSLT of a dephasing qubit under PDD pulses is determined by the initial and final quantum coherence of the qubit, as well as the non-Markovianity of the system during the evolution. Importantly, the final quantum coherence of the qubit and the non-Markovianity of the system can be modulated by the PDD. It is also found that, the dependence of the QSLT on the number of the PDD pulses is sensitive to the spectra type of the reservoir. The case for super-Ohmic spectrum (i.e., non-Markovian reservoir) is much more different from the case for sub-Ohmic or Ohmic spectra (i.e., Markovian reservoir).
Results
The model and solution. The system under our consideration is a single qubit (i.e. a two-level system) coupled to a purely-dephasing bosonic reservoir. Under a train of ideal PDD π pulses, the total Hamiltonian is (setting ħ = 1)
where ω 0 is the qubit frequency, σ i = x,y,z are the three components of Pauli operators, † a k (a k ) is the creation (annihilation) operator of the kth reservoir mode with the frequency ω k , and g k is the coupling constant associated with the qubit-kth reservoir mode interaction. One should note that the second term of the Hamiltonian in Eq. (1) describes the action of n PDD π pulses on the qubit within the time t. The equally spaced PDD π pulses are applied at instants τ j = (jτ f )/(n + 1) with j = 1, 2, 3, … … , n, and τ f being the PDD pulses stop time. In fact, from the practical perspective, it is impossible to put infinite PDD pulses on the qubit, and the extra error accumulated by the real imperfect pulses increase with the number of pulses. Consequently, we focus here on the case that the PDD pulses stop at a finite time τ f , after which the system is subjected to the usual decoherence arising from its unavoidable environment 47 . For the sake of simplicity, we consider the zero-temperature situation and assume that the dephasing reservoir is initially in the vacuum state ρ B = |0〉 B 〈 0|, which implies that only the vacuum fluctuation contribution of the reservoir to the qubit decoherence is considered, and the qubit is initially prepared in an arbitrary state
In what follows, we consider the Ohmic-type spectral densities
which the Ohmicity parameter s is a positive real number. By changing the parameter s in Eq. (3), it is possible to go from sub-Ohmic (s < 1) to Ohmic (s = 1) and super-Ohmic (s > 1) reservoirs, respectively. η is a dimensionless coupling constant, and ω c is a cutoff frequency. Then, in the interaction picture with respect to
the dynamics of the qubit can be obtained by using the time evolution operator, derived from Eq. (1),
Here the decoherence function under n PDD pulses has the form where Γ 0 (t) is the decoherence function without DD pulses. The Γ 0 (t) for super-and sub-Ohmic spectra can be determined explicitly 23 , with Γ (s− 1) being the Euler Gamma function defined as
s 0 2 . Taking the limit s → 1 carefully, one also finds the Γ 0 (t) for Ohmic spectrum,
Up to now, the decoherence function under n PDD pulses Γ n (t) can be obtained by combining Eqs (6) and (7) with Eq. (5). Significantly, Γ n (t) is not only related to the Ohmic-like spectra, including the Ohmicity parameter s and the dimensionless coupling constant η, but also can be modulated by the PDD pulses number n applied on the qubit within the driving time time t. In this way, we arrive at the decoherence function in the whole dynamical process,
In the following, we will use Γ (t) defined as above to study the effect of PDD pulses on the dynamical evolution of the qubit. What is more, from Eq. (4) the master equation for the dynamics of the qubit system can also be obtained as
t t t z t z t
where Γ  t ( ) is the first-order derivative of Γ (t) in Eq. (8) with respect to t, among which the Γ  t ( ) n can be derived from Eq. (5),
for the super-and sub-Ohmic spectra is given by We now pass to the QSLT in order to analyze the effect of DD control on the quantum evolution speed of the dephasing qubit system. As was mentioned in the introduction section, by first fixing the actual driving time τ, τ QSL = τ means that the quantum evolution possesses no potential capacity for further acceleration. While for the case of τ QSL < τ, the shorter τ QSL indicates the greater speedup potential capacity 13, 14 . In addition, the QSLT is defined as the minimal time a system needs to evolute from an initial state ρ 0 to a final state ρ τ , which is governed by the time-dependent master equation ρ ρ =  L t t t . In ref. 15 , the authors derived the quantum speed limit bound for arbitrary initial states in the open system based on the von Neumann trace inequality and the Cauchy-Schwarz inequality, which reads 
, f(τ) is the relative purity between the initial state ρ 0 and the final state ρ τ ,
From Eqs (2) and (9), the QSLT can be calculated as the ML-type,  t ( ) 0 within the driving time τ, which is proved to be Markovian process in the following. Note that the saturation implies the dephasing channel connects two states along a geodesic path. To enable us to study the QSLT in details, the non-Markovianity characterized by means of the time evolution of the trace distance is introduced [49] [50] [51] [52] [53] ,
Then, the QSLT can be rewritten as which indicates that the QSLT is not only dependent on the coherence of the initial state C(ρ 0 ), but can also be decreased by the non-Markovianity  within the evolution time τ and the qubit coherence e −Γ(τ) at the final time τ. In fact, the dependence of τ QSL on the DD pulses is exactly through the Γ (τ) and  . Therefore, one can realize the control of the QSLT for arbitrary initial states through changing the final-state decoherence function Γ (τ) and the non-Markovianity function  by the use of the PDD pulses.
PDD-assisted Quantum speedup and slow down. In order to illustrate the DD-assisted speed control of the single-qubit evolution in the dephasing reservoir, in this section we investigate the influence of PDD pulse sequences number n on the QSLT of the qubit system in more detail. It is worth noting that the dynamics of decoherence function Γ (t) is sensitive to the spectral parameter s in the noise power spectrum J(ω). As shown in the solid and dashed lines in Fig. 1 , without DD pulse (i.e., n = 0), the Γ 0 (t) monotonically increases with the time in the Ohmic (s = 1) reservoir, but the case for the super-Ohmic spectrum (s 1) is different: with the increase of time, the Γ 0 (t) first increases and then tends to a constant value after a unconspicuous decrease, which results in the phenomenon of coherence trap in the super-Ohmic reservoir 54 . That is to say, without DD pulse, the reservoir is Markovian for the Ohmic spectra, while it is non-Markovian for the super-Ohmic spectrum. Moreover, we find that without DD pulse the reservoir with the sub-Ohmic spectrum is also Markovian, and regarding the use of PDD pulses, the effect of PDD on the QSLT for the sub-Ohmic case is very similar to that for the Ohmic case. Consequently, we will discuss the QSLT only in two kinds of Ohmic-like spectra: the Ohmic spectrum with respect to the Markovian reservoir and the super-Ohmic spectrum with respect to the non-Markovian reservoir. What is more, from Eq. (17) we find the QSLT is also dependent on the actual driving time τ. Thus, we will discuss the effect of PDD pulses on the QSLT in both short-and long-time regimes in the following.
QSLT under PDD pulses in the short-time regime. We first investigate the effect of PDD pulses on the QSLT in the short-time regime. In Fig. 2(a) is plotted the QSLT ratio τ QSL /τ as a function of the PDD pulses number n within a given short driving time τ ω = − 10 c 1 . It is clear from the solid line in Fig. 2(a) that the increase of n causes a decrease of τ QSL in Ohmic spectra. In other words, the PDD pulses could induce potential evolution acceleration for the qubit system. In order to illustrate the essential reason behind the acceleration, we plot the Non-Markovianity  during the driving time τ and the coherence at the final state e −Γ(τ) versus the pulses number n in Fig. 2(b,c) , respectively. As shown in Eq. (17), the QSLT is determined jointly by above two quantities:  and . Inspecting the solid line in Fig. 2(b) we can see that for the Ohmic spectrum, the non-Markovianity  first increases from zero and then decreases with the increase of n. This phenomenon may be explained as following: PDD Pulses not only make the effective coupling between qubit and its dephasing reservoir decrease, but also induce the information exchange between them. It is the competition between these two effects that leads to the nonmonotonic behavior of  as a function of n. Furthermore, we find more PDD pulses would induce greater qubit coherence e −Γ(τ) except that n takes a much small value. In the large n limit of n → ∞ , the value of e −Γ(τ) even tends to 1. This implies that the decoherence can be suppressed completely if only enough PDD pulses are applied, and the QSLT tends to zero. Combining the solid lines in Fig. 2 , we can conclude that for the Ohmic spectrum, the dominant mechanism for the PDD-induced acceleration changes from the non-Markovianity  to the coherence e −Γ(τ) as the pulses number n increases.
We pass now to study the PDD-assisted speed control in the short-time regime for the super-Ohmic spectrum. In contrast with the case for the Ohmic spectrum, the case for super-Ohmic spectrum is slightly different when the value of n is small. As PDD pulses are added, the τ QSL has a increase before it begins to decreases. In another word, the qubit system possesses a potential capacity for slow down in the small n region and presents a potential speedup in the large n region. The transition point from slow down to speedup is about n = 5 when the parameters take the value of η = 0. . By comparing the dashed lines for super-Ohmic spectrum and solid lines for Ohmic spectrum in Fig. 2 , it is not difficult to find that the prime cause of the difference is due to obvious "anti-zeno" effect in the super-Ohmic reservoir, namely the qubit coherence decreases in the small n region. For example, the coherence e −Γ(τ) with n = 4 pulses applied is about zero, which is even smaller than that without DD pulses (see the dashed line in Fig. 2(c) ). A reasonable explanation for this may also be that the pulses may induced an even faster decoherence if the pulse occurs during a time of re-coherence (information back-flow).
Moreover, if we turn to regard the effect of the coupling constant η on the QSLT in Eq. (17), it is found that given a certain n, a great η would dramatically destroy the qubit coherence and then leads to a change of QSLT. In fact, the dimensionless coupling constant η, as the front-factor appearing in Eq. (6) and Eq. (7), could lead to a rescale of the Γ n (t) in Eq. (5) QSLT under PDD pulses in the long-time regime. Let us now look at the QSLT with PDD pulses in the long-time regime. If we chose a sufficiently large fixed driving time τ, which ensures the system reaches its steady state, the QSLT τ QSL reflects the evolution speed of the system relaxing to its steady state. In Fig. 3(a) , we consider the relation between the τ QSL /τ with the pulses number n, when other parameters are the same as that in Fig. 2 except that the driving time here is chosen to be τ ω = − 800 c
.
As far as the asymptotic behavior is considered, the stationary decoherence function can be derived by taking the value of Γ n (t) in Eq. (5) in the long time limit, where Γ 0 (t) under the zero temperature condition has be given in Eqs (6) and (7). As for the Ohmic reservoir Γ 0 (∞ ) = ∞ , the decoherence function Γ (∞ ) will also tend to infinite in the long time limit under finite PDD pulses, therefore leading to complete decoherence. Despite this, the case is completely different for the Super-Ohmic reservoir. In the long time limit, both Γ 0 (t) and Γ (t) for the Super-Ohmic spectrum will tend to a constant value, as a result that DD pulses do not change the dynamic of Γ (t) in the long-time regime obviously. Hence we can conclude that the coherence trap only occurs for the super-Ohmic spectrum no matter there exists DD pulses or not. As we did in the above subsection, we first analyze the effect of PDD pulses on the QSLT for the Ohmic spectrum. In the long-time regime, the QSLT first decreases and then increases as the PDD pulses are added (see the solid line in Fig. 3(a) ). That is to say, when the PDD pulses number n in the small region (0 < n < 12), PDD induces a greater potential capacity for future acceleration of the qubit evolution, but the case is exactly the opposite in the larger n region (n > 12). The speed control mechanic is that, due to completely decoherence in the long time limit, the QSLT ratio τ QSL /τ for Ohmic spectrum is entirely determined by the non-Markovianity,
Since the decoherence function Γ (t) presents a monotonically increase with respect to the time t after the the pulse stop time τ f , the non-Markovianity  for the long-time regime is exactly determined by the evolution before the time τ f . Because in the short-time regime, we have chosen τ = τ f , thus the non-Markovianity  in the long-time regime is exactly the same as that in the short-time regime, as shown in the Figs 2(b) and 3(b). As we have discussed in the above subsection,  first increases and then declines under PDD pulses, this give rise to the opposite dependence of τ QSL /τ on n in the long-time regime. In the limit of n → ∞ , we can easily get τ QSL /τ → 1 as a result of → 0  . However, for the super-Ohmic case, the QSLT ratio τ QSL /τ in the long-time regime is modulated by the stationary coherence e −Γ(∞) and the non-Markovianity  get together, τ τ = + 

. Now we focus on the effect of PDD pulses on the coherence trap for the Super-Ohmic spectra. Figure 3(c) reports the dependence of stationary coherence e −Γ(∞) on the PDD pulse number n. Initially we thought that PDD pulses would also enhance the coherence trap in the long-time regime, as they did in the short-time regime. However, a more closer inspection reveals that the use of PDD pulses will destroy the stationary coherence. As n increases, e −Γ(∞) first declines and then increases, even in the limit of n → ∞ , the stationary coherence just tends to the value of the zero DD pulses case Γ 0 (∞ ) = ηΓ (s − 1). The foremost cause of this rather contradictory result is that PDD pulses not only delay the dynamical evolution of Γ (t) for about the time τ f , but also make the Γ (t) start to monotonically increase from a higher value about
f in contrast to the zero DD pulses case, as shown in the dot-dashed line of Fig. 1 . The first decrease of e −Γ(∞) versus n can also be explained by the "anti-zero" effect of
f in the short-time regime. While as the PDD pulses number n continues to increase,
f take a lower value, and the destructive effect is weaken. As a result, when PDD pulses are applied, e −Γ(∞) is first destroyed seriously and then slowly recovered to the value of ηΓ (s − 1). Besides, with respect to PDD pulses number n, the non-Markovianity  for the super-Ohmic presents a slow decay firstly, and then shows a increases, and finally a decrease again. Consequently, τ QSL /τ in the super-Ohmic reservoir first increases slowly, then decreases and finally increases, as a result of the competition between the effects of n on  and e
−Γ(∞)
.
Discussion
In summary, we have provided a detailed theoretical study of the application of periodic dynamical decoupling pulse sequences in the evolution speed control for a pure dephasing qubit system. In particular, we have compared the performance of PDD for Ohmic and super-Ohmic spectra in both the short-and long-time regimes. In the short-time regime, despite the "anti-zeno" effect in the very small n region, PDD pulses could be used to speedup the evolution of the qubit system in both two kinds of spectra. The QSLT is mainly effected by the non-Markovianity in the small n region, but by the qubit coherence in the larger n region. In the long-time regime, the cases become more complicated. We find that the stationary coherence only occurs in the super-Ohmic spectrum no matter there are PDD pulses or not. More surprisingly, DD pules would reduce the stationary coherence, and even in the infinite large pulses number limit, the stationary coherence just tends to the value in the zero DD pulses case. Consequently, for the Ohmic spectra, the QSLT is absolutely determined by the non-Markovianity as a result of zero stationary coherence, and it presents first decreases and then increases with more pulses. In other words, the evolution of the qubit relaxing to its steady state possesses first potential acceleration and then slow down. While for the super-Ohmic spectrum, the QSLT first increases, then decreases and finally increases, as a result of the competition between the stationary coherence and non-Markovianity. Furthermore, one should note that the QSLT is also dependent on the initial coherence.
Finally, we would like to aware that our research may have two limitations. The first is that we assume all the PDD pulses are execute quickly and perfectly. Having efficient error correction in mind, we have paid special attention to the case that the PDD pulse stops at a finite time, after which the system is subjected to the usual decoherence arising from its unavoidable environment. The second is the zero-temperature assumption. In order to obtain the analytical expression of the decoherence function, we assume the reservoir is initially prepared at the zero temperature. Noting that the stationary coherence is also sensitive to the temperature of the reservoir, and it could be drastically destroyed by the thermal fluctuations of reservoir. Despite these limitations, we believe our work takes a new look at the use of DD protocol in the evolution speed control for a dephasing qubit system. with the DD-dependent displacement parameter being For the sake of simplicity, we assume initially the dephasing reservoir is in the vacuum state ρ B = |0〉 B 〈 0|, and the qubit is initially prepared in an arbitrary state . Then, the dynamics of the qubit can be derived as Eq. (4) by using the time evolution operator in Eq. (20) . And the decoherence function under n PDD pulses has the form The decoherence function without DD pulses, denoted by Γ 0 (t), is similar to Eq. (22) Thus, the relation between Γ n (t) and Γ 0 (t), as shown in Eq. (5), can be easily found by rewriting F n (ωt) into the form of cosine function 47 . What is more, if we only focus on the Ohmic-like spectra in Eq. (3), the Γ 0 (t) can be determined explicitly by inserting Eq. (3) into Eq. (24) , as shown in Eqs (6) and (7) . Thus, the decoherence function under n PDD pulses Γ n (t) can be obtained by combining Eqs (6) and (7) with Eq. (5).
